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Abstract. 

Witten-Helffer-Sjostrand theory is an addition to Morse theory and Hodge-de 
Rham theory for Riemannian manifolds and considerably improves on them by in- 
jecting some spectral theory of elliptic operators. It can serve as a general tool to 
prove results about comparison of numerical invariants associated to compact man- 
ifolds analytically, i.e. by using a Riemannian metric, or combinatorially, i.e. by 
using a triangulation. It can be also refined to provide an alternative presentation 
of Novikov Morse theory and improve on it in many respects. In particular it can 
be used in symplectic topology and in dynamics. This material represents my Notes 
for a three lectures course given at the Goettingen summer school on groups and 
geometry, June 2000. 
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0. Introduction. 

Witten Helffer Sjostrand theory or abbreviated, WHS -theory consists of a 
number of results which considerably improve on Morse theory and De Rham - 
Hodge theory. 

The intuition behind the WHS -theory is provided by physics and consists in 
regarding a compact smooth manifold equipped with a Riemannian metric and a 
Morse function (or closed 1-form) as an interacting system of harmonic oscillators. 
This intuition was first exploited by E. Witten, cf[Wi], in order to provide a short 
"physicist's proof " of Morse inequalities, a rather simple but very useful result in 
topology. 

Helffer and Sjostrand have completed Wittcn's picture with their results on 
Schrodinger operators and have considerably strengthened Witten's mathemati- 
cal statements, cf [HS2]. The work of Helffer and Sjostrand on the Witten theory 
can be substantially simplified by using simple observations more or less familiar 
to topologists, cf [BZ] and [BFKM] . 

The mathematics behind the WHS-thcory is almost entirely based on the fol- 
lowing two facts: the existence of a gap in the spectrum of the Witten Laplacians 
(a one parameter family of deformed Laplace-Bcltrami operator involving a Morse 
function h), detected by elementary mini- max characterization of the spectrum of 
sclfadjoint positive operators and simple estimates involving the equations of the 
harmonic oscillator. The Witten Laplacians in the neighborhood of critical points 
in " admissible coordinates" are given by such equations. The simplification we 
referred to are due to a compactification theorem for the space of trajectories and 
of the unstable sets of the gradient of a Morse function with respect to a "good" 
Riemannian metric. This theorem can be regarded as a strengthening of the basic 
results of elementary Morse theory. 

The theory, initially considered for a Morse function, can be easily extended 
to a Morse closed one form, and even to the more general case of a Morse-Bott 
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form. These are closed 1-forms which in some neighborhood of a connected com- 
ponent of the zero set are differential of a Morse-Bott function. So far the theory 
has been very useful to obtain an alternative derivation of results concerning the 
comparison of numerical invariants associated to compact manifolds analytically 
(i.e. by using a Riemannian metric,) and combinatorially cf[BZl], [BZ2], [BFKM], 
[BFK1], [BFK4] , [BFKM], [BH]. 

The theory provides an alternative (analytic) approach to the Novikov- Morse 
theory with considerable improvements and consequently has applications in sym- 
plectic topology and dynamics. These aspects will be developed in a forthcoming 
paper [BH]. 

This minicourse is presented as a series of three lectures. The first is a reconsid- 
eration of elementary Morse theory, with the sketch of the proof of the compact- 
ification theorem. The second discusses the "Witten deformation" of the Laplace 
Beltrami operator and its implications and provides a sketch of the proof of Theorem 
2.1 the main result of the section. The third presents Helffer-Sjostrand Theorem 
as an asymptotic improvement of the Hodge-de Rham Theorem and finally surveys 
some of the existing applications. Part of the material presented in these notes will 
contained in a book [BFK5] in preparation, which will be written in collaboration 
with L. Fricdlander and T. Kappeler. 



Lecture 1: Morse Theory revisited, 
a. Generalized triangulations. 

Let M n be a compact closed smooth manifold of dimension n. A generalized 
triangulation is provided by a pair (h,g),h:M—*M.a smooth function, g a 
Riemannian metric so that 

CI. For any critical point x of h there exists a coordinate chart in the neigh- 
borhood of x so that in these coordinates h is quadratic and g is Euclidean. 

More precisely, for any critical point x of h, (x G Cr(h)), there exists a coordinate 
chart ip : (U, x) — > (D e , 0), U an open neighborhood of x in M, D e an open disc of 
radius e in R™, ip a diffeomorphism with tp(x) = 0, so that : 

(i) h-ip~ 1 (xi,x 2 ,--- ,x n ) =c-l/2{x{-\ x 2 k ) + l/2(x 2 k+1 -\ x 2 n ) 

(ii) is given by g ij (x 1 ,x 2 ,- ■ ■ ,x n ) = 8 ij 

Coordinates so that (i) and (ii) hold arc called admissible. 

It follows then that any critical point x G Cr(h) has a well defined index, i(x) = 
indcx(x) = k, k the number of the negative squares in the expression (i), which is 
independent of the choice of a coordinate system (with respect to which h has the 
form (i)). 

Consider the vector field —grad g {h) and for any y G M, denote by 7j/(i), — oo < 
t < oo, the unique trajectory of —grad g {h) which satisfies the condition 7 y (0) = y. 
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For x e Cr(h) denote by W x resp. W x the sets 

W± = {y€M\ Urn ly {t) = x}. 
t — >±oo 

In view of (i), (ii) and of the theorem of existence, unicity and smooth dependence 
on the initial condition for the solutions of ordinary differential equations, W~ 
resp. W x is a smooth submanifold diffeomorphic to R k rcsp. to R n ~ k , with k = 
index(a;). This can be verified easily based on the fact that 

<p(W~ n U x ) = {(x!,x 2 ,-- ■ ,x n ) G D(e)\x k+ i = x k+2 = ■ ■ ■ = x n = 0}, 

and 

f{W+ n U x ) = {(x 1 ,x 2 , ■■ ■ ,x n ) G D(e)|a;i = x 2 = ■ ■ ■ = x k = 0}. 

Since M is compact and CI holds, the set Cr(h) is finite and since M is closed 
(i.e. compact and without boundary), M = [J xe cr(h)^x ■ ^ s already observed 
each W~ is a smooth submanifold diffeomorphic to M fc , k =index(x), i.e. an open 
cell. 

C2. The vector field —grad g h satisfies the Morse-Smale condition if for any 
x,y G Cr(h), W~ and Wy are transversal. 

C2 implies that M{x, y) := W~ HW+ is a smooth manifold of dimension equal to 
index(x)— indcx(y). M(x, y) is equipped with the action \x : Rx M(x, y) — > M(x, y), 
defined by /j,(t, z) — j z (t). 

If index(x) < index(y), and x ^ y, in view of the transversality requested by the 
Morse Smale condition, M{x,y) = 0. 

If x ^ y and M(x,y) ^ 0, the action \x is free and we denote the quotient 
M.(x,y)/M by T(x,y); T(x,y) is a smooth manifold of dimension index(a;) < 
index (y) — 1, diffeomorphic to the submanifold M(x, y)Cih^ 1 (X) 7 for any real number 
A in the open interval (index x, index y). The elements of T(x, y) are the trajectories 
from "x to y" and such a trajectory will usually be denoted by 7. 

If x = y, then W x n W+ = x. 

Further the condition C2 implies that the partition of M into open cells is actu- 
ally a smooth cell complex. To formulate this fact precisely we recall that an 
n— dimensional manifold X with corners is a paracompact Hausdorff space equipped 
with a maximal smooth atlas with charts ip : U — > <fi(U) C R" with M™ = 
{(xi,x 2 , • ■ ■ x n )\xi > 0}. The collection of points of X which correspond (by some 
and then by any chart) to points in R™ with exactly k coordinates equal to zero 
is a well defined subset of X and it will be denoted by X k . It has a structure of a 
smooth (n — k)— dimensional manifold. dX = X\ U X 2 U • • • X n is a closed subset 
which is a topological manifold and [X, dX) is a topological manifold with bound- 
ary dX. A compact smooth manifold with corners, X, with interior diffeomorphic 
to the Euclidean space, will be called a compact smooth cell. 

For any string of critical points x = yo, y\, ■ ■ ■ ,y k with 



index(yo) > index(yi) >, • • • , > index(y fe ), 
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consider the smooth manifold of dimension index y a — k, 
T(y ,yi) x • • • T(y k _ u y k ) x W~ k , 

and the smooth map 

iyom,- ,v* : r (2/o,yi) x • •• x T(y k _ u y k ) x W~ k M, 

defined by i yo , yu - , Vk (li, ■ • ■ ,1k, y) ■= iy k (y), where i x : W~ -> M denotes the 
inclusion of W~ in M. 

Theorem 1.1. Let r = (ft, 5) &e a generalized triangulation. 

1) For any critical point x G Cr(ft) the smooth manifold W~ has a canonical 
compactification W~ to a compact manifold with corners and the inclusion i x has 
a smooth extension i x : W~ — ► M so that : 

(a) {W~)k = U( xm ,... , yk )^(x,yi) x ••• x T(y k _ u y k ) x W~, 

(b) the restriction of i x to T(x,yi) x • • • x T(y k _\,y k ) x W~ is given by 
l x,yi--- ,y k - 

2) For any two critical points x,y with i{x) > i(y) the smooth manifold T(x,y) 
has a canonical compactification T(x, y) to a compact manifold with corners and 

V)k = U(x,i, 1 ,- , Vk =y) r ( x > yi) x • • • x T{y k _ 1 ,y k ). 

The proof of Theorem 1.1 will be sketched in the last subsection of this section. 

This theorem was probably well known to experts before it was formulated by 
Floer in the framework of infinite dimensional Morse theory cf. [F]. As formulated, 
Theorem 1.1 is stated in [AB]. The proof sketched in [AB] is excessively compli- 
cated and incomplete. A considerably simpler proof will be sketched in Lecture 1 
subsection d) and is contained in [BFK5] and [BH]. 

Observation: 

01: The name of generalized triangulation for r = (ft, g) is justified by the 
fact that any simplicial smooth triangulation can be obtained as a generalized 
triangulation, cf [Po]. 

02: Given a Morse function h and a Ricmannian metric g, one can perform 
arbitrary small C°— perturbations of g, so that the pair consisting of h and the 
perturbed metric is a generalized triangulation, cf [Sm] and [BFK5]. 

Given a generalized triangulation r = (ft, g), and for any critical point x £ Cr(ft) 
an orientation O x of W~ , one can associate a cochain complex of vector spaces 
over the field K of real or complex numbers, (C*(M, r), d*). Denote the collection 
of these orientations by o. The differential d* depends on the chosen orientations 
o := {O x \x G Cr(h)}. To describe this complex we introduce the incidence numbers 

I q : Cr(h) q x Cr(h) q ^ - Z 

defined as follows: 

If T(x,y) = 0, we put I q (x,y) = 0. 
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If T(x, y) 7^ 0, for any 7 G T(x, y), the set jxWy is an open subset of the boundary 
dW~ and the orientation induces an orientation on it. If this is the same as the 
orientation O y , we set £(7) = +1, otherwise we set £(7) = —1. Define I q (x, y) by 

I q {x,y)= £ (^)- 

In the case M is an oriented manifold, the orientation of M and the orientation O x 
on W~ induce an orientation O x on the stable manifold W x . 

For any c in the open interval (h(y),h(x)), /i _1 (c) carries a canonical orientation 
induced from the orientation of M. One can check that I q (x,y) is the intersection 
number of W~ n ft- _1 (c) with Wy n ft. _1 (c) inside /i _1 (c) and is also the incidence 
number of the open cells W~ and W~ in the CW— complex structure provided by 

T. 

Denote by (C* (M, r), d* r ^ ) the cochain complex of IK— Euclidean vector spaces 
defined by 

(1) C(M,t) := Maps(Cr q (h),K) 

(2) d^ o) : C^(M,r) - C^(M,r), (d^f)(x) = E y eCr q . lW h&V)f (*). 
where x e Cr q (h). 

(3) Since C q (M,r) is equipped with a canonical base provided by the maps i? K 
defined by E x (y) — 5 x ,y, x,y G Cr q (h), it carries a natural scalar product which 
makes E Xl x ^ Cr q (h), orthonormal. 

Proposition 1.2. for any g, <9 9 • = 0. 

A geometric proof of this Proposition follows from Theorem 1.1. The reader can 
also derive it by observing that (C*(M, r),d*) as defined is nothing but the cochain 
complex associated to the CW~ complex structure provided by r via Theorem 1.1. 

b. Morse Bott generalized triangulations. 

The concept of generalized triangulation and Theorem 1.1 above can be extended 
to pairs (h,g) with h a Morse Bott function; i.e Cr(h) consists of a disjoint union 
of compact connected smooth submanifolds £ and the Hessian of h at any x G S 
is nondegenerated in the normal directions of S. More precisely a MB- generalized 
triangulation is a pair r = (h,g) which satisfies C'l and C'2 below: 

C'l: Cr(h) is a disjoint union of closed connected submanifolds S, and for any 
£ there the exist admissible coordinates in some neighborhood of E. An admissible 
coordinate chart around E is provided by: 

1) two orthogonal vector bundles v± over E equipped with scalar product pre- 
serving connections (parallel transports)V± so that v + © v_ is isomorphic to the 
normal bundle of E, 

2) a closed tubular neighborhood of E, ip : (U, E) — > (D £ {v- (B f-), £), U closed 
neighborhood of E, so that : 

(i) : h- ip- 1 (v u v 2 ) = c-l/2\\v 1 \\ 2 + l/2\\v 2 \\ 2 where v± G E(v±); 
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(ii) : {ip 1 )*(g) is the metric induced from the restriction of g on E, the scalar 
products and the connections in v±. 

The rank of V- will be called the index of E and denoted by i(E) = index(E). 
As before for any x G Cr(h) consider and introduce = U xe sB^. 

C'2:(the Morse Smale condition) For any two critical manifolds E, E' and 
W~ and W^t are transversal. 

As before C'2 implies that M(E, E') := W£TnWjt is a smooth manifold of dimen- 
sion equal to i(E) — i(E') — dim E, and that the evaluation maps u : A4(E, E') — > E is 
a smooth bundle with fiber W~ C\W£, a smooth manifold of dimension i(E) — i(E'). 

M(E, E') is equipped with the free action fj, : M x M(E, E') -> M(E, E') defined 
by fi(t,z) — 7z(t) and we denote the quotient space _M(E,E')/R by T(E,E'). 
T(S, E') is a smooth manifold of dimension i(E) — i(E') + dim E — 1, diffcomorphic 
to the submanifold A4(E, E') n h~ 1 (X), for any real number A in the open interval 
(/i(E), /i(E')). In addition, one has the evaluation maps, ue,E' : T(E,E') — ► E 
which is a smooth bundle with fiber W~ PlW^/K, a smooth manifold of dimension 
i(E) — i(E') — 1, and Z^.s' : T(E,E') — > E' a smooth map. The maps w... and L. 
induce by pull- back constructions the smooth bundles 

M(e ,Ei," : ^"(^Oj Si) x Sl • • • x S| ._ 1 T(Efe_i, Efc) — ► E , 

the smooth maps 

J(e ,Ei,... : ^"( s o, Ei) x Sl • • • x E)b _ 1 T(E fe _i, E fc ) -> Efc 

and 

iE ,=i,-,=* : 2"(£o,£i) x El •• • XEt ., T(Efc_!,Efc) x Sfc ^ Efc -> M, 

defined by iv , yu ... , yk (li, ■ ■ ■ ,1k, y) ■= «s fc (j/), for i t G T(E 4 _i,E 4 ) and y E WjT , 

The analogue of Theorem 1.1 is Theorem 1.1' below. The proof of Theorem 1.1 
as given below, subsection d), and is formulated in such way that the extension to 
the Morse Bott case is straightforward. 

Theorem 1.1'. 

Let t = (h, g) be a MB generalized triangulation. 

1) For any critical manifold E C Cr(h), the smooth manifold W£T has a canonical 
compactification to a compact manifold with corners W£T , and the smooth bundle 

: — > E resp. the smooth inclusion is : — ► M have extensions ir^ : 

— > E, a smooth bundle whose fibers are compact manifolds with corners, resp. 
«s : M a smooth map, so that 

(a) : {W£) k = U (s , El ,... ,E fc ) Si) x El ■ ■ ■ x^ T(E fe _i, E fe ) x Efc W^ k , 

(b) : the restriction of iy, to T(E, Ei) Xj^ • • • Xs fcl T(Efc_i, Efc) x^ k is given 
by *E,Ei ■•■ ,E fc ■ 

2) For any two critical manifolds E, E' with > z(E') the smooth mani- 
fold T(E, E') has a canonical compactification to a compact manifold with corners 
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T(£, £') and the smooth maps u : T(£, E') — ► £ and Z : T(£, £') — > £' /lave smooth 
extensions u : T(£, E') — ► E and Z : T(E, E') — > E' wit/i u a smooth bundle whose 
fibers are compact manifolds with corners. Precisely 

(f (E, £'))* = U (ElEl> ... ,E fe) s i) xsi • • • XE t _, T(E fe _ 1; E fc ). 

For a critical manifold E choose an orientation of v_ if this bundle is orientablc 
and an orientation of the orientable double cover of V- if not. Such an object will be 
denoted by Os and the collection of all 0£ will be denoted by o = {Os |E C Cr(h)}. 

Choosing the collection o in addition to the Morse-Bott generalized triangulation 
r one can provide as an analogue of the geometric complex (C*(M, r), &£ T the 
complex (C*,D*) defined by 

C~=: ^ fc (E, (^)) 

{(k,T,)\k+i(S)=r} 

and I? r : C r — > C r+1 given by the matrix E , ||| whose entries 
a fc (E, E') : fi fc (E', 0(1/ )) -» ^ r - l ( s )+ 4 ( E ') +1 (E, o(i/_)) are given by 1 

f d fc : fi fe (E, o(i/_)) ^ O fe+1 (E, o(i/_))if S = E'l 
a fc (E,E') = <^ „ \ 

{ (-l) fe (M S ,s')* • (Zs,s')*otherwise J 

Here r2*(E,o(z^_)) denotes the differential forms on E with coefficients in the 
orientation bundle of V- and (...)* denotes the integration along the fiber of ue,e'- 

The orientation bundle of v_ has a canonical flat connection. When v_ is ori- 
entable then this bundle is trivial as bundle with connection and 0* identifies to 
the ordinary differential forms. 

A Morse Bott function h is a smooth function for which the critical set consists 
of a disjoint union of connected manifolds E, so that the Hessian of h at each critical 
point of E is nondegenerated in the normal direction. 

Observation: 

0.2': Given a pair (h,g) with h a Morse Bott function and g is a Riemannian 
metric one can provide arbitrary small C° perturbation g' of g so that the pair 
(h,g') satisfies C. If (h,g) satisfies C'l one can choose g 1 arbitrary closed to g in 
C°— topology so that g = g' away from a given neighborhood of the critical point 
set, g' = g in some (smaller) neighborhood of the critical point set and (h, g') is an 
MB generalized triangulation. 

c. G-Generalized triangulations. 

Of particular interest is the case of a smooth G— manifold (M, /n : G x M —> M) 
where G is a compact Lie group and fj, a smooth action. In this case we consider 



1 this formula is implicit in (2.2) in view of the fact that Int* : (Cl*,d*) — > (C*(M,r),d*) is 
supposed to be a surjective morphism of cochain complexes 
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pairs (h, g) with h a G-invariant smooth function and g a G— invariant Riemannian 
metric. Then Cr{h) consists of a union of G— orbits. The G— version of conditions 
CI and C2 are obvious to formulate. We say that the pair (h,g) with both h 
and g G— invariant is a G- generalized triangulation resp. normal G- generalized 
triangulation if G-Cl (resp. normal G-Cl) and G-C2 hold. 

G-Cl: Cr{h) is a finite union of orbits denoted by £ and for any critical orbit 
X we require the existence of an admissible chart. More precisely, such a chart 
around X is provided by the following data: 

1: A closed subgroup H C G, two orthogonal representations p± : H — > 0(V±) 
and a scalar product on the Lie algebra g of G which is invariant with respect to 
the adjoint representation restricted to H. 

p± induce orthogonal bundles v± : E{v±) — > E. The total space of these G— 
bundles are E{v±) = G x H V±. The scalar product on g and the the scalar product 
on V = V- © V+ induces a G— invariant Riemannian metric on G and on G x V. 
The metric on G xV descends to a G— invariant Riemannian metric on E{y- (Bv+)- 

2) A positive number e, a constant c£l and a G— cquivariant diffcomorphism 
<p : (U, S) — > D e (p + © /?_) where U is a closed G— tubular neighborhood of £ in 
M, and D e denotes the disc of of radius e in the underlying Euclidean space of the 
representation p + © p_ , so that 

(i) :h-<p- 1 ({g,v u v 2 )) =c-l/2|H| 2 + l/2|H| 2 ) where u± 6%) 

(ii) : (<fi' 1 )*(g) is the Riemannian metric on E(v- © v + ) described above. 

We call the admissible chart " normal" if in addition p_ is trivial. The condition 
normal G-Cl requires the admissible charts to be normal. 
G-C2: This condition is the same as C'2. 
Observation: 

01": Given a pair (h,g) one can perform an arbitrary small G° perturbation 
(h',g') so that (h',g') satisfies normal G-Cl. This was proven in [M]. 

02": Given (h,g) a pair which satisfies normal G-Cl then one can perform an 
arbitrary small G° perturbation on the metric g and obtain the G— invariant metric 
g' (away from the critical set) so that (h,g') satisfies G-C2. This result is proven 
in [B]. 

Clearly, a G— generalized triangulation is a MB— generalized triangulation, hence 
Theorem 1.1' above can be restated in this case as Theorem 1.1" with the additional 
specifications that in the statement of Theorem 1.1' all compact manifolds with 
corners are G— manifolds and all maps are G— equivariant. 

Note that a G— generalized triangulation provides via Theorem 1.1" a structure 
of a smooth G— handle body and a normal G— generalized triangulation provides 
a structure of smooth G— CW complex for M. The smooth triangulability of com- 
pact smooth manifolds with corners if combined with the existence of normal G— 
generalized triangulation lead to the existence of a smooth G— triangulation in the 
sense of [I] and then to the existence of smooth triangulation of the orbit spaces 
of a smooth G— manifold when G is compact. There is no proof for this result in 
literature. The best known result so far, is the existence of a C° triangulation of 
the orbit space established by Verona. [V] . 
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d): Proof of Theorem 1.1. 

Some notations 

We begin by introducing some notations: 
Let Co < Ci • • • < cjv be the collection of all critical values (c the absolute minimum, 
cjv the absolute maximum) and fix e > small enough so that Cj — e > Cj_i + e for 
all i > 1. Denote by: 

Cr{i) := Cr{K)C]h- l {c t ), 
Mi := hT^ici), 
Mf :=h- 1 (c l ±e) 
M{i) := h- l { Cl - U c l+l ) 

For any x £ Cr(z) denote by: 

S± := VK± n M± 

S x := S£ x Sj. 
W±(i) :=W±nM(i) 
SW X « :=S+xW;(i). 

It will be convenient to write 

Sf:= (J S t 

xeCr(i) 

S t := (J 5, C Mr x M+ 

xeCr(i) 

SW(i):= |J S+xW7(i) 
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Mi+1 




Fig.l 

Observe that: 

1) S,cM+x Mr, SW(i) C Mf x M(i) 

2) Mf is a smooth manifold of dimension n — 1, (n — dimM) and M(i) is a 
smooth manifold of dimension n, actually an open set in M. Mi is not a mani- 

o o ± 

fold, however, M t := M t \ Cr(i), M l := Mf \ Sf are are smooth manifolds 
(submanifolds of M ) of dimension n — 1 . 

TTie /Zow 3> t and /ew induced maps 

Let $ t be the flow associated to the vector field — gr&d g h/\ \ — grad 9 /i|| on 
M \ Cr(h) and consider: 
a) the diffcomorphisms 



iPi : Mr -> M+ ! 



obtained by the restriction of $^ c ._ c ._ 1 _ 2e ) and <£>± e , 

o 

b) the submersion ip(i) : M(i) \ (W~(i) U W + {i)) -> Mi defined by <p{i){x) := 
^h(x)- Ci (a;)- 

Observe that ipf and ^j(i) extend in an unique way to continuous maps 



iff : Mf -> M, : M(i) -» Mj. 
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Two manifolds with boundary 

The manifold Pi : Define 

P t := {(x,y) E Mr x M+\ <p7( x ) = <pt(v)}, 

and denote by pf:Pi^ Mf the canonical projections. One can verify that Pi is a 
compact smooth (n— 1) dimensional manifold with boundary, (smooth submanifold 
of Mr x M+) whose boundary dPi can be identified to S, C Mr x M+. Precisely 

. o ± 

OP1: pf : Pi\ dPi — > M 4 are diffcomorphisms, 

OP2: the restriction of x pT" to 9Pi is a diffeomorphism onto S,. (Each pf 
restricted to dPi is the projection onto Sf.) 

The manifold Q(i) : Define 

Q(i) = {(x,y) e Ml x M(i)\ V f(x) = V [i){y)} 

or equivalently, Q(i) consists of pairs of points {x,y) 7 x 6 Mf , y <= M(i) which 
lie on the same (possibly broken) trajectory and denote by U : Q{i) — ► Mf resp. 
rj : Q(i) — > M(i) the canonical projections. 

One can verify that Q(i) is a smooth n— dimensional manifold with boundary, 
(smooth submanifold of Mf x M{i)) whose boundary dQ(i) is diffcomorphic to 
SW(i) C M+ x M(i). More precisely 

o + 

OQ1: k : Q(i) \ dQ(i) — > M i is a smooth bundle with fiber an open segment 
and 7-j : Q(i) \ <9Q(i) — > M(i) \ VF~(i) a diffeomorphism, 

OQ2: the restriction of Z x r to dQ(i) is a diffeomorphism onto SM / (i). (Z resp. 
r restricted to dQ(i) identifies with the projection onto Sf resp. W{i)). 

Since Pi and Q(i) are smooth manifolds with boundaries, 
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and 

V r {r - k) := P r x ■ ■ ■ Pr-k+l x Q(r - k) 

are smooth manifolds with corners. 

Our arguments for the proof of Theorem 1.1 will be based on the following 
method for recognizing a smooth manifold with corners. If V is a smooth manifold 
with corners, 0,S smooth manifolds, p : V — > O and s : S — > O smooth maps so 
that p and s are transversal (p is transversal to s if its restriction to each k— corner 
of V is transversal to s, ) then p~ 1 (s(S)) is a smooth submanifold with corners of 
V. 

Proof of Theorem 1.1 First we prove part (2). We want to verify that 
T(x,y) (cf the definition in the statement of Theorem 1.1) is a smooth manifold 
with corners. Let x G Cr(r + 1) and y G Cr(r — k — 1), k > —2. If k = —2 the 
statement is empty, if k = — 1 there is nothing to check, so we suppose k > 0. 

We consider V = V r ,k as defined above, O = Y[ r ~ k {Mf x Mr)), and S = 
S~ x M~ • • • x A'l^-fc+i) x Sy. In order to define the maps p and s we consider 

uji : Mr -> Mr x M+ +1 given by LUi(x) = (x, ipi(x)), and 

Pi-Pi—* x Mr given by pi(y) = (p+ (y) , pr (y)) . 

We also denote by a : S~ — ► M+ and /3 : S*+ — > Mj~_ r the restriction of Vv+i 
resp. of ip~l k to S~ resp. Sy. Take s = a x uj r ■ ■ ■ oj r -k+i x /? and p := n[=r 

The verification of the transversality follows easily from OP1, OP2 and the Morse 
Smalc condition C2. It is easy to see that p^ 1 (s(S)) is compact and identifies to 
T(x, y); the verification of this fact is left to the reader. 

To prove part (1) we first consider the map i x : X = W~ — > M defined by (a) and 
(b) in Theorem 1.1 (1). Let X := W~ and for any positive integer k we denote by 
X(k) := i^ 1 (M(k)). The proof will be given in two steps. First we will topologize 
X(k) and put on it a structure of a smooth manifold with corners, so that the 
restriction of i x to X(k) is a smooth map. Second we check that X(k) and X(k') 
induce on the intersection X{k) fl X(k') the same topology and the same smooth 
structure. These facts imply that X has a canonical structure of smooth manifold 
with corners and i x is a smooth map. The compacity of X follows by observing 
that the image i x {X) is compact and the preimage of any point is compact. 

To accomplish the first step we proceed in exactly the same way as in the proof 
of part (2). Suppose x G Cr(r + 1). Consider 

V := V r (k), 

O := (M+ x M") x • • • (M+_ fe+1 x x M+_ fe , and 

S := S x x M- ■ ■ ■ x M-_ k+1 . 
Take 

p := p r x ■ ■ ■ x fir-k+i x l r -k and 

S = a X UJ r ■ ■ ■ X bJr-k+l- 

The verification of the transversality follows from OP1, OP2, OQ1, OQ2 and 
the Morse Smale condition C2 above as explained in the Appendix. It is easy to 
see that p^ 1 {s(S)) identifies to X(r — k). 
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The second step is more or less straightforward, so it will be left again to the 
reader, q.e.d. 

Appendix : The verification of transversality of the maps p and s. 

Consider the diagrams 




Diagram 1 




Pr Pr-1 ■■■ Q{r-k) 



Diagram 1' 
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S~ Pr-i ■■■ Q(r-k) 

Diagram 4 



For each of these diagrams denote by P resp. O resp. 1Z, the product of the 
manifolds on the third resp. second resp. first row and let p : V — > O resp. 
s : 1Z — > O denote the product of the maps from the third to the second row resp. 
the first to the second row. Clearly V is a smooth manifold with corners. Denote 

o o o 

by P the interior of P, i.e P \ dP, and by p : V — > O the restriction of p to V. 

We refer to the statement " p transversal to s" with p and s obtained from the 
diagram 1, 1' 2, 2', 3, 4 as: T* k , T* k , T* k , T r 3 k , T* k . 

In view of the observation OP2 and OQ2 and of the fact that " m, : A4i — ► 
Oiandsi : IZi — > Oi, i — 1,2, Alj, Oi, smooth manifolds imply the transversality 
of mi x 77j 2 : Ali x M 2 — > Ci x C 2 and si x s 2 : Ri x K 2 ^ Oi x O2", it is easy 
to see that the transversality of p and s obtained from the diagram 1 resp. 1' can 
be derived from the validity of the statements T^ k , T r 2 fc , T r 3 fc resp. T}' k , T r 3 fc , T r 4 fc 
for various r, k. 

In view of the fact that all arrows except a, (5, l r -k and the inclusions ( cf Di- 
agrams 2,3,4) are open cmbcddings, the properties T^ k , ■ ■ ■ ,T^ k follow from the 
transversality of W~ +1 and W^'_ k _ 1 . This finishes the verification of the transver- 
sality statement needed for the proof of Theorem 1.1. q.e.d 
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Lecture 2: Witten deformation and the spectral properties of the Witten 
Laplacian. 

a. De Rham theory and integration. 

Let M be a closed smooth manifold and r = (h, g) be a generalized triangu- 
lation or more general a Morse-Bott generalized triangulation and o a system of 
orientations. Denote by (Cl*(M), d*) the De Rham complex of M. This is a cochain 
complex whose component Vl q (M) is the (Frechet) space of smooth differential 
forms of degree q and whose differential d q : Q, q (M) — > fl q+1 (M) is given by the 
exterior differential d. Recall that Stokes' theorem for manifolds with corners can 
be formulated as follows: 

Theorem. Let P be a compact r— dimensional oriented smooth manifold with cor- 
ners and f : P — ► M a smooth map. Denote by df : Pi — > M the restriction of f 
to the smooth oriented manifold P\ (Pi defined as in section la). If lu e n r_1 (M) 
is a smooth form then J P (df)*(oj) is convergent and 

Define the linear maps Int q : fl q (M) -> C"(M,t) as follows. 

a) In the case r is a generalized triangulation and C q (M, r) := Maps(CV 9 (/i), K), 
Int q is defined by 

(2.1) Int q (uj){x) := [ w, 

JWx 

where K is the field of real or complex numbers. 

b) In the case r is an Morse-Bott generalized triangulation and 

C(M,t):= O fe (S, (^_)), 

fe+dim(E)=g 

Int q is given by integrating the pull back by is : — ► M of a form u) G fi 9 (M) 
along the fiber of 7rs : — > S, i.e. 

(2.2) Jnt«(a;) - © fc +dim(s)= g (^)**s^ G ^-^(S, o(i/_)) 

It is a consequence of Theorem 1.1 (1.1') that the collection of the linear maps 
Int q defines a morphism 

Int* : (n*(M),d*) ^ (C*(M,r),9*) 

of cochain complexes which has the following property (de Rham): 
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Theorem. Int* induces an isomorphism in cohomology. 

c) Suppose that we are in the case of a G— manifold and r is a G— generalized 
triangulation as described in section 1. Fix an irreducible representation £ : G — > 
0(V{) and denote by (fi|,d|) resp. (G|,<9|) the subcomplex of (Q*,d*) resp. 
(C*,d*) defined by the property that 0| resp. C| is the largest G— invariant sub- 
space of ft* resp. G* which contains no other irreducible representation but £. 
Equivalcntly for any irreducible representation £' 7^ £, 0| ®g V^' = resp. 
G| ® G % = 0. Since G is compact, (Q*,cT) = © € (fi|, d|) resp. (G*,<9*) = 
©j(Gj,3|). Since the integration map is G—equi variant, 7ni(Q|) C G|. 

Denote by 

7nt|:(0|,rf|)^(G|,5|) 

the restriction of Int* to the components corresponding to £. 

We have the following refinement of de Rham Theorem. 

Theorem. /nt| induces an isomorphism in cohomology. 

Theorem 3.1-1" below (Lecture 3) will imply these theorems. 

b) Witten deformation and Witten Laplacians. 

Let M be a closed manifold and a £ 1 (M) a closed 1— form, i.c da = 0. For 
t > consider the complex (Sl*(M),d*(t)) with differential 

(2.3) d q (t)(w) = dw + taAu>. 

Ha = dh with fi:M-»la smooth function, d g (t)(uj) = e- th de th {ui) and d*(t) 
is the unique differential in Cl*(M) which makes the multiplication by the smooth 
function e th an isomorphism of cochain complexes 

e th : (fi*(M),d*(t)) -> (Q*(M),cf ). 

Recall that for any vector field X on M one defines a zero order differential 
operator, l* x : Q*(M) -> O^^M), by 

(2.4) (£w)(Xi,X 2 ,-- - ,X g _!) :=c;(A:,Xi,.-. 

and a first order differential operator L* x : Q*(M) — > fT(M), the Lie derivative in 
the direction X, by 

(2.5) L\ := d*- 1 ■ l\ + l^ 1 ■ d q . 
They satisfy the following identities: 

(2.6) i x {wi A w 2 ) = tx(wi) A w 2 + (-l) |wi| ^i A t x (w 2 ). 
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where \uii | denotes the degree of io\ and 

(2.7) L x {loi A lu 2 ) = L x {loi) Aw 2 |wiA L x (w2)- 

Given a Riemannian metric g on the oriented manifold M we have the zero order 
operator R q : Q g (M) — > VL n ~ q (M), known as the Hodge-star operator which, with 
respect to an oriented orthonormal frame ei,e2, • • • , e„ in the cotangent space at 
x, is given by 

(2.8) R q x {e ll A • • • A e iq ) = e(n, • • • ,i q )ei A • • • A e ix A • • • A e iq A • • • A e„, 

where 1 < i\ < %2 < ■ • ■ < i q < n, and e(ii,i2, •■■ , iq) denotes the sign of the 
permutation of (1, • ■ ■ , n) given by 

(ii,--- 1,2, ••■ ,H,--- ,»2, •■■ ,«2, •■■ ,»<?,••• 

Here a "hat" above a symbol means the deletion of this symbol. 
The operators R q satisfy 

(2.9) R q ■ R n - q = {-l) q{n - q) Id. 

With the help of the operators R q for an oriented Riemannian manifold of dimen- 
sion n, one defines the fiberwise scalar product <C , »: fl q (M) x Q q (M) — > 0°(M) 
and the formal adjoints of d q ,d q (t), i 9 x , L q x , by the formulas 

(2.10) < wi,W2 >= Ai? 9 (w 2 )), 



(2.11) = (-l)"« +1 i?"-« • d"" 9 " 1 • R q+1 : fl q+1 (M) -» ft 9 (M), 

(*) = (-l)" 9+1 i?" _<? • cP" 9 " 1 ^) • : 9+1 (M) -> fi«(M), 

(4) s = (-l)™*- 1 ^" 9 • 4" 9 " 1 • i? 9 " 1 : fi'-^M) -» Q 9 (M), 
= (-l)("+ 1 )9+ 1 i? n -« • • i? 9 : n«(M) -» Q 9 (M) 

These operators satisfy 

(2.12) «txwi,w 2 » = «wi,(tx) , w 2 » 
and 

(2.13) (ijc) ll = (tjc)*-<y+<y-(tjc) 11 . 

Note that + (L 9 X )$ is a zeroth order differential operator. Let denote 
the element in Q}{M) defined by X*(Y) :=< X, Y > and for a 6 Q}{M) let 
(£ a ) 9 : n q {M) -> n q+1 (M), denote the exterior product by a. Then we have 

(2.14) (£)»= (^„) 9 - 1 - 
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It is easy to see that the scalar products -C, 3> and hence the operators S q , 5 q (t), r x 
and l} x arc independent of the orientation of M. Therefore they are defined (first 
locally and then, being differential operators, globally) for an arbitrary Riemannian 
manifold, not necessarily orientable, and satisfy (2.10), (2.12)-(2.14) above. 

For a Riemannian manifold (M, g) one introduces the scalar product fl q (M) x 
fi«(M) ^ C by 

(2.15) <u,w'>:= / cjAu' = < w, J > dvol(g). 

J m Jm 

In view of (2.12), 5 q+1 {t), {u q x f and {L q x f arc formal adjoints of d q (t), L q x (t) 
and L q x with respect to the scalar product <.,.>. 

For a Riemannian manifold (M, g) , one introduces the second order differential 
operators A q : il q (M) — > il q (M), the Laplace Beltrami operator, and A q (t) : 
n q (M) -> tt q {M), the Witten Laplacian (for the 1-form a) by 

A q :=S q+1 -d" + d g - 1 -6 q , 

and 

A q (t) := 6 q+1 (t) ■ d q {t) + d q -\t) ■ 8 q {t). 
Note that A 9 (0) = A q . In view of (2.3) -(2.10) and (2.12) one verifies 



(2.16) A q (t) = A q +t(L_ gradga + Lt gradga )+t 2 \\a\\ 2 Id 

where grad g a is the unique vector field defined by {grad g a)^ — a. One verifies that 
L-gradga + ^-g T ad g a 1S a zer °th order differential operator. 

The operators A q (t) are elliptic, essentially sclfadjoint, and positive, hence their 
spectra, spectA 9 (£), are contained in [0, oo). Further 

kcr A q (t) = {ljE n q (M)\d q (t) = 0,S q (t) = 0} 

If a = dh and if is an eigenvalue of A 9 (0), then is an eigenvalue of A q (t) 
for all t and with the same multiplicity: this because d q (t) — e~ th ■ d q • e th ' and 
5 q (t) = e- th ■ 5 q ■ e th \ 

c) Spectral gap theorems. 

If a is a closed 1-form we write Cr(a) for the set of zeros of a. This notation is 
justified because in a neighborhood of any connected component of Cr(a), a = dh 
for some smooth function h, unique up to an additive constant. 

The pair (a, g) is called a Morse pair, resp. Morse-Bott pair, resp. G-Morse 
pair, resp. normal G-Morse pair if (h,g) satisfies CI, resp. CT, resp. G-Cl, resp. 
normal G-Cl. 
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In this subsection we will study the spectrum of A q (t) for the Witten deformation 
associated with (a, g) being a Morse pair, resp. a Morse Bott pair or a G-Morse 
pair. 

In the case of a Morse-Bott or a G-Morse pair we consider an additional complex, 
namely the complex of the critical sets 

(C*,d*) := 0(fT-*( s )(£, (z,_)), d*-^). 
s 

Note that (C*,d*) ^ (C*,d*) In the case of a Morse pair this complex is trivial 
as it is concentrated in degree zero. The metric g induces a Riemannian metric on 
Cr(a) = US, hence the complex (C*,d*) gives rise to Laplacians 

A',:=0A,_ i(E) (£). 

s 

In the case of a Morse-Bott pair A 9 (S) denotes the Laplacian on q— forms with coef- 
ficients the orientation bundle in o(V_), of In the case of a G— Morse pair,A g (£) 
denotes the Laplacian acting on fl g (G/Hz, det(p_)) where G/H^ is equipped with 
the Riemannian metric induced by a scalar product on g which invariant with re- 
spect to the adjoint action of H^. Here ffs is the isotropy group of a point x E T,, 
which is independent of x up to conjugacy. If the G— triangulation is normal then 
p_ is trivial and W(G/H-z, det(p_)) = Q q (G/H-z). 

Note that A{G/H T ) = ©A«(G/iJ s ) and A\{G/Hy) is an endomorphism in the 
finite dimensional vector space fl^G/Hx, o(p_)), which can be explicitly calculated 
by elementary representation theory. 

The following result is essentially due to E. Witten. 

Theorem 2.1. Suppose that (a,g) is a Morse pair. Then there exist constants 
Ci, C2, C3 and T depending on (a, g) so that for any t > T 

1) : spectA q (t) n (Cie" 02 *, C 3 t) = 
and 

2) the number of eigenvalues of A q (t) in the interval [0, Cie~ c ' 2t ] counted with 
their multiplicity is equal to the number of zeros of a of index q. 

The above theorem states the existence of a gap in the spectrum of A 9 (i), namely 
the open interval (Cie~ c ' 2t , C^t), which widens to (0, 00) when t — > 00. 

Clearly Ci, C2, C3 and To determine a constant T > To, so that for t > T, 1 6 
(Cie~ C2 *,C 3 t) and therefore 

spectA q (t) n [0, Cie" C2 *] = spectA q (t) n [0, 1] 

and 

spectA q (t) n [C 3 i, 00) = spectA q (t) n [1, 00). 

For t > T we denote by f2 9 (M);5 m (£) the finite dimensional subspace of fi 9 (M) 
generated by the g— eigenforms of A 9 (£) corresponding to the eigenvalues of A q (t) 
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smaller than 1. Note that Q q (M) sm (t) is of dimension m q where m q is the number 
of critical points of index q of the closed 1-form a. 

The theory of elliptic operators implies that these eigenforms which are a priori 
elements in the L2— completion of Q, q (M) 1 are actually smooth, i.e. in Q, q {M). Note 
that d{t){Q q (M) sm (t)) C n q+1 (M) sm (t), so that (0*(M) sm (t), d*(t)) is a finite di- 
mensional cochain subcomplex of (f2*(M), d*(t)) and (e (Cl*(M) sm (t)), d*) is a 
finite dimensional subcomplex of (f2*(M), d*). Clearly the Li— orthogonal comple- 
ment of Q*(M) sm (t) in 0*(M) is also a closed Frechet subcomplex (Q*(M) la (t), d*(t)) 
of (f2*(M), d*(t)) and we have the following decomposition 

(2.17) (fi*(M), d*(t)) = (fi*(M) sro (i), <f (i)) © (fi*(M) Jo (t), d* (i)) 

with (n*(M)i a (t),d*(t)) acyclic. 

Let us consider now the case of a Morse-Bott pair. Denote by A' 9i i < X' q _ 2 < 
■ ■ ■ < A' 9iT . < • ■ be the spectrum of A g , and by X' q the first nonzero eigenvalue of 
A' q . The following result is due to Helffer [H] (cf also [P]). 

Theorem 2.1'. Suppose that (a,g) is a Morse-Bott pair and r > 1, an integer. 
Then there exist positive constants d, C2, To, so that for any t > and t > T and 
l<q<n 

W,r(t) — X' qr \ < Cit~ c ' 2 where A 9ir (t) is the r—th eigenvalue of A q (t). 

In particular one can find T > T so that for A' = inf{A ? } and t > T 

1) SpectA q (t) n {dt- c \ -dt-^ + A') = 

2) A'/2 e (Cxt- C \ -Cxt-^ + A')- 

Therefore one can again produce a decomposition of the form 

(2.17') (fi*(M),d*(t)) - (fi*(M) sm (t),d*(t)) © (fi*(M) Io (t),<r(t)) 

where (n*(M) STn (t), is a finite dimensional cochain subcomplex of (Q*,d*(t)) 

with (f2 9 (M) sm (t) given by the span of the eigenforms corresponding to eigenvalues 
of A 9 (i) smaller than A' and (Q*(M)(t)i a its orthogonal complement in $l*(M). 
Clearly {Q*(M) la (t),d*(t)) is acyclic. 

In [H] one finds Ci > 5/2 and in [P] C2 > 1/2. Under additional hypothesis better 
estimate that the one stated in Theorem 2.1' can be obtained. As an example we 
mention the case of a G— Morse pair considered below. 

Suppose /1 : G x M M is a smooth G— manifold, G being a compact Lie 
group, (a, g) a G— Morse pair and £ an irreducible representation of G. Since G 
is compact and the Riemannian metric g is G— invariant A' and A q {t) decompose 
orthogonally as A' q = ^A'« and A q (t) = £A§(i) 

Let X q i, - ■ ■ \ q N (t) be the eigenvalues of (A' q and \ ql (t) < •■• the ones of the 
Witten Laplacian A 9 (i)^. 

Theorem 2.1". There exist the positive constants Ci, C2, C3 and Tq depending on 
M, a, g and £ so that for any t > T 
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1) SpectA q (t) 6 c U=i,... M~ C ^ W2 + X U Ci e ~ tC2 + A li) u [Cat, oo) and 
the number of the eigenvalues of A q (tf in the interval 
(-de- tc ' 2 + X qi , Cie~* C2 + A^) eguaZs £/ie multiplicity of X q i 

In particular one can canonically decompose (il*(M)^,d*(t)^) in an orthogonal 
sum 

(2.17") (fll(M),d*(t)s) = ((r>|(M)) sm (t),d*(^) © ((fiJ(M)) Io (t),(T(t) c ) 

where ((Q|(M)(£)) STO (i)) is the span of the eigenforms corresponding to the eigen- 
values Xg A and ((Q|(M)); a (i)) is the orthogonal complement. Note that 
((fiJ(M)) Io (t)),(T(t)) is acyclic. 

The proof of Theorem 2.1 will be given in subsection e) (cf [BZ1] and [BFKM]. 
The proof of Theorem 2.1' and 2.1" can be found in literature in [H] and [BFK5]. 

d) Applications. 

Morse inequalities: 

Let a be a closed 1-form and denote by [a] its cohomology class, which can 
be interpreted as a 1-dimcnsional representation of the fundamental group of M. 
Let f3i(M,[a]) := dim H l (M; [a]). It is not hard to show that the integer val- 
ued function /3(M, [to]) is constant in t for t large enough so that $i(M, [a]) := 
lim^oo f3i(M, [to]) is well defined. 

As an immediate consequence of the decompositions discussed in section c) we 
have the following result: 

Theorem 2.2. Suppose that a is a Morse one form and let Ci :— jt(Crj(a)). Then 
for any integer N, we have 

N N 

(-i)^(-im > (-i)^(-i)'ft(M, m) 

2 = 4=0 

for t > T . If a is a Morse Bott one form and Cr(a) is the union of the closed 
connected submanifolds S, then the above formula holds with Ci given by d — 
]T s dimir- 4 ( s )(£,o(>_)). 

Clearly the inequalities remain true with (3i(M, [tot]) replaced by (3i(M, [a]). The 
above result is known as the Morse inequalities when a — dh and as the Novikov- 
Morse inequalities when a is a closed 1-form. It has a number of pleasant conse- 
quences in symplectic topology which will be discussed below. 

Symplectic vector fields: 

Let (M 2n ,w) be a symplectic manifold. The nondegenerated 2- form cj estab- 
lishes a bijective correspondence X — > ax between the set of smooth vector fields X 
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on M and the smooth 1-forms a with ax defined by the formula ax{Y) = u){X, Y) 
for any vector field Y. 

Given a vector field X consider Zeros(A) := {x G M\X(x) — 0}. We say 
that x° G Zeros(A") is nondegenerated if in one (and then any) coordinate system 
{xi, ■ ■ ■ X2n} around x° G M the vector field X = 5Z i= i ■■■ 2n a i{ x ~ti ' ' ' i x 2n)d / dxi 
satisfies det(9ai/ 'dxj{x\, ■ ■ ■ , #2 n )) 7^ where (a;?, • • • ,£2„) are the coordinates of 
x°. In this case we set 

(2.18) I{x°) := sigiidet(da i /dx j {x'i, ■ ■ ■ ,x° 2n )). 
The famous Hopf Theorem states: 

Theorem. If M is closed and all zeros of X are nondegenerated, then 

£ I{x) = X (M) 

a;eZeros(X) 

where x(M) denotes the Euler Poincare characteristic of M. In particular 

l(Zeros(X)) > \ X (M)\. 

This is the best general result about such vector fields. The estimate is sharp. 

The vector field X is called symplectic if the 1-parameter (local) group of dif- 
feomorphisms induced by X preserves the form uj, equivalently if Lx{u) = or, 
equivalently if d(ax) = 0. Clearly Zeros(X) = Cr(ax) and if all zeros of X are 
nondegenerated, ax is a Morse form and one can easily verify that I(x) = (— 1)'^) 
where i(x) denotes the index of the critical point x of the form ax- Theorem 2.2 
provides a considerable improvement of the Hopf Theorem, in particular it says 
that for a symplectic vector field with all zeroes nondegenerated 

(2.19) H(Zeros(X)) > £ ft(M, [a]). 

i 

In fact, as shown in [BH2], it is possible to prove the existence of zeros of a sym- 
plectic vector field in certain cases by "torsion methods" even when 0i(M, [a]) = 
for any i. 

One can also apply the above theory to the study of some Lagrangian intersec- 
tions. A precise situation is the case of the symplectic manifold T*M, the cotangent 
bundle of a smooth manifold M, equipped with the canonical symplectic structure. 

We are interested in the intersection of the zero section, the canonical Lagrangian 
in T*M, with the image of a Lagrangian immersion i : S — > T*M. In case that S 
has a generating function h : E — > R, where E is the total space of a smooth 
vector bundle on M, and all critical points of h are nondegenerated (cf [MS] for the 
definition of a generating function), the count of the intersection points of i(S) and 
M reduces to the count of zeroes of the closed form i*(a) on S. As all zeros are 
nondegenerated and Theorem 2.2 applies. Here a is the canonical 1-form on T*M 
whose differential d(a) defines the canonical symplectic structure on T*M. 
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e) Sketch of the proof of Theorems 2.1. 

The proof of Theorems 2.1 stated in the next section c) is based on a mini-max 
criterion for detecting a gap in the spectrum of a positive selfadjoint operator in a 
Hilbert space H (cf Lemma 2.3 below) and uses the explicit formula for A q (t) in 
admissible coordinates in a neighborhood of the set of critical points. 

Lemma 2.3. Let A : H — > H be a densely defined (not necessary bounded ) self 
adjoint positive operator in a Hilbert space (H, <, >) and a,b two real numbers so 
that < a < b < oo. Suppose that there exist two closed subspaces Hi and H2 of H 
with Hi fl H2 = and H\ + H2 = H such that 

(1) < Ax\,x\ > < a||xi|| 2 for any x\ € Hi, 

(2) < Ax 2 ,x 2 > > b\\x 2 \\ 2 for any x 2 G H 2 . 
Then spectAf](a,b) = 0. 

The proof of this Lemma is elementary (cf [BFK3] Lemma 1.2) and might be a 
good exercise for the reader. 

Consider x G Cr(a) and choose admissible coordinates (xi, x 2 , x n ) in a neigh- 
borhood of x. With respect to these coordinates a — dh, 

h(x u x 2 , x n ) = -l/2(xl + --- + x\) + l/2{x 2 k+1 + ■ ■ ■ + x 2 n ) 

and gij(xi,x 2 , ■■■,x n ) = Sij, and hence by (2.16) the operator A q (t) has the form 

(2.20) Ag !k (t) = A q + tM q . k + t 2 (x 2 i + --- + x 2 n )Id 
with 

™ d 2 

A q (y]ai(xi,X2, ...,x n )dxi) = J~](-J~]-£-2a I (xi,X2, ...,x n ))dxi, 

I I i=l ° X i 

and M qi h is the linear operator determined by 

(2.21) M qtk (y]ai{x 1 ,X2, ...,x n )dxi) = ^e q I ' k a I (xi,x 2 , ...,x n )dxi. 

1 1 

Here I — {ii,i2 - ■ -iq), 1 < «i < ii • • • < i q < n, dxi = dx^ A • • • A d iq and 

ef k = -n + 2k-2q + 4jj{j|fe + 1 < ij < n}, 

where %A denotes the cardinality of the set A. Note that ef k > —n and is = — n iff 
q — k. 

Let S q (M. n ) denote the space of smooth q— forms lo = ^ 7 ai(xi, X2, x n )dxi 
with aj{xi, X2, x n ) rapidly decaying functions. The operator A q ^{t) acting on 
t S <? (R") is globally elliptic (in the sense of [Shi] or [Ho]), selfadjoint and positive. 
This operator is the harmonic oscillator in n variables acting on q— forms and its 
properties can be derived from the harmonic oscillator in one variable — -£^ + a+bx 2 
acting on functions. In particular the following result holds. 
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Proposition 2.4. (1) A q ^{t), regarded as an unbounded densely defined opera- 
tor on the L 2 — completion of S q (M. n ), is selfadjoint, positive and its spectrum is 
contained in 2tZ>o (i.e positive integer multiples of2t). 

(2) ker A ?; fc(t) = if k ^ q and dim ker A g , q (t) = 1. 

(3) uo q .t — (t/7r)"/ 4 e - *^' x ^ 2 dxi A ■ • • A dx q is the generator of kcr A 9 , g (i) with 
L 2 — norm 1. 

For a proof consult [BFKM] page 805. 

Choose a smooth function / y v (u), n G (0, oo), u£l, which satisfies 

f 1 if u < r)/2) 

(2-23) 7 ,(u) = n ., 

if u > 77 J 

Introduce w£ t G ng(R n ) defined by 

wl t {x) = PS)' 1 7„(MH,t(aO 

with |x| = V^T^? and 



(2.24) (3 q (t) = (tM n/4 ( [ l 2 r) {\x\)e- t ^^dx 1 ---dx n fl\ 

The smooth form <Dg t has its support in the ball {\x\ < n}, agrees with u} q>t on 
the ball {\x\ < i]/2} and satisfies 



(2.25) <^ q (t),^ q (t)>=l 

with respect to the scalar product < ., . > on <S 9 (R"), induced by the Euclidean 
metric. The following proposition can be obtained by elementary calculations in 
coordinates in view of the explicit formula of A q ^(t) (cf [BFKM], Appendix 2). 

Proposition 2.5. For a fixed r G N>o there exist positive constants C, C , C", T , 
and €q so that t > T and e < e imply 

(1) l g a ."d l ,°g x <*n A g , g t (x)| ^ Ce _c '* for any x G W 1 and multiindex a = 
(ai, • • • , a n ), with \a\ = a\ + h a n < r. 

(2) < A ? , fe (t)u)^,u>^ > > 2t\q - k\ 

(3) If u> _L [o q t with respect to the scalar product < ., . > then 

< A q , q Lu,Lu > > C"t\\u\\ 2 . 



For the proof of Theorem 2.1 (and of Theorem 3.1 in the next lecture) we set 
the following notations. We choose e > so that for each y G Cr(h) there exists an 
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admissible coordinate chart ip y : {U yi y) — > (D 2e ,0) so that U y n U z = for y ^ z, 
y,z G Cr(/i). 

Choose once and for all such an admissible coordinate chart for each y G Cr q (h). 
Introduce the smooth forms uJ y _ t G £l q {M) defined by 

(2.26) ^vA M \ v -\D 2e ) ~ 0. ^vA v -\D 2e ) ■= <P* v &\,t)- 

For any given t > the forms u7 y; t G Q 9 (M), y G Cr q (h), are orthonormal. 
Indeed, ii y,z G Cr q {h) 1 y ^ z ui y ,t and ZU^.i have disjoint support, hence are 
orthogonal, and because the support of U y , t is contained in an admissible chart, 
<LJy tt ,cJy,t >= 1 by (2.25). 

For t > T , with T given by Proposition 2.5, we introduce J q {t) : C q (X, r) — ► 
ri 9 (M) to be the linear map defined by 

J«(t)(Ey)=13 ytt , 

where E y G C q (X, r) is given by E y (z) = S yz for y,z £ Cr(h) q . J q (t) is an isometry, 
thus in particular injective. 

Proof of Theorems 2.1: (sketch). Take H to be the L2— completion of Q, q (M) 
with respect to the scalar product <.,.>, Hi := J q (t)(C q (M,T)) and H 2 = H^. 
Let T , C, C, C" be given by Proposition 2.5 and define 

C\ ■■= inf \\grad g a(z)\\, 
zeM' 

with M' = M \ {j y ecr q{a) ^ 1 (^e),and 

C 2 = sup \\{L_ grad a + L> d )(z)\\. 
xeM y 9 

Here \\grad g a(z)\\ resp. \\(L_ gradga + Ti gradgQ )(^)|| denotes the norm of the 
vector grad g a(z) G T Z (M) resp. of the linear map (L_ gradgCI + ii gradga )(^) : 
A 9 (T Z (M)) A«(T S (M)) with respect to the scalar product induced in T Z {M) and 
A q (T z (M)) by g(z). Recall that if X is a vector field then L x + Tjf is a zeroth 
order differential operator, hence an endomorphism of the bundle A q (T*M) — > M. 

We can use the constants T , C, C", C", Ci, C2 to construct C" and e\ so that 
for t > T and e < ei, we have < A q (t)u),ui >> Cst < uj 7 uj > for any u G H 2 (cf. 
[BFKM], page 808-810). 

Now one can apply Lemma 2.3 whose hypotheses are satisfied for a = Ce~ c ' t , b — 
C"'t and t > T . This concludes the first part of Theorem 2.1. 

Let Q q (t), t > T denote the orthogonal projection in H on the span of the 
eigenvectors corresponding the eigenvalues smaller than 1. In view of the elliptic- 
ity of A q (t) all these eigenvectors are smooth q— forms. An additional important 
estimate is given by the following Proposition: 
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Proposition 2.6. For r G N>o one can find e$ > and C3, C4 so that for t > To 
as constructed above, and any e < eo one has, for any v G C q (M, r) 

(Q q (t)J«(t) - J*(t))(v) G ft 9 (M), 

and /or < p < r, 

\\(Q q (t)J g (t)-J\mv)\\ CP <C 3 e- c «\\v\\, 
where || • \\cp denotes the C' p — norm. 

The proof of this Proposition is contained in [BZ1], page 128 and [ BFKM] page 
811. Its proof requires (2.16), Proposition 2.5 and general estimates coming from 
the ellipticity of A 9 (t). 

Proposition 2.6 implies that for t large enough, say t > t , T q (t) :— Q q (t)J q (t) 
is bijective, which finishes the proof of Theorem 2.1. 



Lecture 3: Helffer Sjostrand Theorem, an asymptotic improvement of 
the Hodge-de Rham theorem 

In this section we will formulate the result of Helffer Sjostrand for a generalized 
triangulation and its analogue for a G— generalized triangulation. 

a. Hodge-de Rham theorem and its (asymptotic) generalization. 

First let us recall the classical Hodge-de Rham theorem. 
Consider a closed Riemannian manifold (M, g) and a simplicial smooth triangula- 
tion t. The Riemannian metric g provides a scalar product in the Frechet space 
of smooth forms and then the Laplace Beltrami operators Aj : £¥(M) — > il*(M). 
Let us denote by W := ker Aj. The simplicial triangulation r provides the (finite 
dimensional) cohomology vector spaces H*(M). 

Theorem. (Hodge-de Rham ) 

Given a Riemannian manifold (M, g) equipped with a smooth triangulation r one 
can produce: 

1) a canonical orthogonal decomposition f2*(M) = TL* © fi^M), with H* = 
Ker A* a finite dimensional graded vector space and Q^M) = d(Q*^ 1 (M)) © 

dHn* +1 (M)) 

2) a canonical linear isomorphism (whose inverse is induced from integration of 
forms on simplexes) J : H*(M,R) — > TL* . 

The above theorem provides a canonical realization of the cohomology, calculated 
with the help of the smooth triangulation r, as differential forms, harmonic with 
respect to the given Riemannian metric g. 

One can improve the above result by realizing the full geometric complex defined 
by the triangulation as a subcomplex of differential forms but the " canonicity" 
statement remains true only asymptotically. More precisely one can show: 
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Theorem. Given a Riemannian manifold (M, g) and a smooth triangulation t for 
t £ M. large enough one can produce 

1) a smooth one-parameter family of orthogonal decompositions 

(n*(M),d) = (fi*(M) (t),d)e(ft*(M)i(t),d) 

with (SI* (M)o(t) , d) a finite dimensional complex, which is 0(l/t) canonical 2 , and 

2) a smooth family of isomorphisms 2*(t) : C*(M,r) — > Q(M)o(t) so fftaf f/ie 
composition I*(t) ■ S*(t), where S*(t) is the scaling isomorphism 

(3.1) S*(t) : (C*(M, r), S* a ) - (C*(M, r), j; o (i)) 

de/med &?/ S q (t)(E x ) = (0 n - 2q y 4 e- th ^E x ,x G Cr q (h), is of the form I* + 0(1/ 1) 
with I* an isometry. Moreover T* (t) is 0(l/t) canonical 3 . 

In view of a result of Pozniak which claims that any smooth triangulation can 
be realized as a generalized triangulation (cf section 1 a), 0.1) the above theorem 
is a straightforward reformulation of Theorem 3.1 below, proven by Hclffer and 
Sjostrand. 

b. Helffer Sjostrand theorem (Theorem 3.1). 

We consider only the case of a generalized triangulation and of a G- generalized 
triangulation. We pick up orientations o as indicated in section 1 and consider the 
scaling (3.1) S q (t) : (C*(M,t),8* Tj0 ) -> (C* (M,t), 6* Jt)) and, for t large enough, 
the compositions L(t) and L(t)^ defined by the following diagram 

(fi*(M),d*(i)) ■* (fi*(M),d*) (C*(M,t),6* t J 

in S " ( *- ) l 

(n* sm (M)(t),d*(t)) (C*(M,r),6* T!0 (t)) 

and 

(n*(M) £ ,(d*(t)) c ) (Q*(M) € ,d|) (C*(M,r) £ ,<£) 

in 

((fi; m (M)(t)) £ , d*(i) c ) (<7*(M, r) £ , <£(t)) 

The following theorems are reformulations of a theorem due to Helffer- Sjostrand, 
cf [HS2]. 



2 i.e. for any two such possible decompositions the finite dimensional subspaccs H*(M)o(t) are 
at an 0(l/t) distance with respect to the scalar product induced by the metric g. 
3 i.e. for any two such possible X(t)'s, Zi(t) and Z 2 (t), \\Ii{t) -X 2 (t)|| = 0(1/ 1) 
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Theorem 3.1. (Helffer-Sjostrand) . Given M a closed manifold and r = (g,h) a 
generalized triangulation, there exists T > 0, depending on r, so that for t > T, 
L*(t) is an isomorphism of cochain complexes. Moreover, there exists a family of 
isometries R q (t) : C q (M,r) — > VL q (M) sm (t) of finite dimensional vector spaces so 
that L q (t) ■ R q (t) =Id+ 0(l/t). 



Theorem 3.1". Given a closed G— manifold M, with G being a compact Lie group 
and t = (g,h) a G— generalized triangulation and an irreducible representation 
£, there exists T > 0, depending on r and £, so that for t > T, L*(t)^ is an 
isomorphism of cochain complexes. Moreover, there exists a family of isometrics 
R q (t)^ : C q (M,t)^ — > (fl q (M) sm {t))^ of finite dimensional vector spaces so that 



It is understood that C q (M, r) is equipped with the canonical scalar product 
defined in section 1, and Vl q {M) sm (t) with the scalar product < , > defined by 



One can also prove an analogue of Theorem 3.1 for MB-gcncralizcd triangula- 
tions. This requires a finite dimensional cell complex instead of (C*,d*). Such 
complex is described in [BH] where an analogue of Theorem 3.1 for a Morse-Bott 
form is established. 

Sketch for the proof of Theorems 3.1: The proof is a continuation of the 
proof of Theorem 2.1 in the previous lecture and we use the same notation. There- 
fore we invite the reader to review the section e) of Lecture 2 . 

Let T be provided by Proposition 2.6. For t > T , let R q {t) be the isometry 
defined by 



and introduce U Vit := R q (t)(E y ) e Q q (M) for any y G Cr q (h) = Cr q (dh). Propo- 
sition 2.6 implies that there exists e > 0, to and C so that for any t > to and any 
y G Cr(h) q one has 



and 



L q (t) ( - R q (t) i = Id + Q(l/t). 



(2.15). 



(3.2) 



R q (t) := J<?(t)(J 9 (i) J ^Wr 1/2 



(3.3) 



sup \\U y ,t(z)\\<Ce- 



and 



(3.4) 




To check Theorem 3.1 it suffices to show that 



/ U Xlt e th (-) 



~2q 

4 e 



th(x) 6 xx ,\<C" \ 



for some C' 



Ifx^x' 



> and any x, x' G Cr(h) q . 
■' this follows from (3.3). If x = x' from (3.3) and (3.4). 



□ 
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5. Extensions and a survey of other applications. 

1. One can relax the definition of admissible coordinates in CI, and CI" by 
dropping the requirements on the metric. Theorems 2.1, 2.1" and 3.1 and 3.1" 
remain true as stated; however almost all calculations will be longer since the 
explicit formulae for A q (t) and its spectrum when regarded on 5*(IR™) will be more 
complicated. 

2. One can provide an analogue of Theorems 2.1 and 3.1 in the case of a closed 
one form. This will be elaborated in a forthcoming paper [BH2] . 

3. One can twist both complexes (O*, d*) and (C*(M, t),8*) resp (C*(M, r), D*) 
by a finite dimensional representation of the fundamental group, p : ir\(M) — > 
GL(V). In this case additional data is necessary: a Hermitian structure p on the 
flat bundle £ p induced by p. The "canonical" scalar product on (C*(M,t, p),d*), 
in the case of a generalized triangulation will be obtained by using the critical 
points (the cells of the generalized triangulation) and the Hermitian scalar product 
provided by p, in the fibers of £ p above the critical points. The de-Rham complex 
in this case is replaced by (Cl*(M, p), d*) the de-Rham complex of differential forms 
with coefficients in £ p whose differential is given by the covariant differentiation w.r. 
to the canonical flat connection in £ p . To have a scalar product on the spaces of 
smooth forms, in addition to the Riemannian metric on M one needs a Hermitian 
structure p, (cf. [BFK1] or [BFK4] ) in £ p . The statements of Theorems 2.1 and 3.1 
remain the same. Under the hypotheses that the Hermitian structure is parallel in 
small neighborhoods of the critical points, the proofs remain the same. An easy 
continuity argument permits to reduce the case of an arbitrary Hermitian structure 
to the previous one, by taking C° approximation of a given Hermitian structure by 
Hermitian structures which are parallel near the critical points. Since the Witten 
Laplacians do not involve derivatives of the Hermitian structure such a reduction 
is possible. If the representation is a unitary representation on a finite dimensional 
Euclidean space one has a canonical Hermitian structure in £ p which is parallel with 
respect to the flat canonical connection in £ p . This extension was used in the new 
proofs of the Chccgcr- Muller theorem and its extension about the comparison of 
the analytic and the Reidemeister torsion, cf. [BZ], [BFK1], [BFKM], [BFK4] . 

4. One can further extend the WHS-theory to the case where p is a special type 
of an infinite dimensional representation, a representation of the fundamental group 
in an A— Hilbcrt module of finite type. This extension was done in [BFKM] for p 
unitary and in [BFK4] for p arbitrary. In this case the Laplacian A g (t) do not have 
discrete spectrum and it seems quite remarkable that Theorems 2.1 and 3.1 remain 
true. It is even more surprising that exactly the same arguments as presented above 
can be adapted to prove them. A particularly interesting situation is the case of 
the left regular representation of a countable group T on the Hilbert space L 2 (T) 
when regarded as an Af(T) right Hilbert module of the von Neumann algebra Af(T), 
cf.[BFKM] for definitions. One can prove that Farber extended L 2 — cohomology of 
M, a compact smooth manifold with infinite fundamental group defined analytically 
(i.e. using differential forms and a Riemannian metric) and combinatorially (i.e 
using a triangulation) are isomorphic and therefore the classical L 2 — Bctti numbers 
and Novikov-Shubin invariants defined analytically and combinatorially are the 
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same. For this last fact see [BFKM] section 5.3. 

The WHS-theory was a fundamental tool in the proof of the equality of the 
L 2 — analytic and the L 2 — Reidemeister torsion presented [BFKM]. 

5. One can further extend Theorems 1.1, 1,1', 2.2, 2.2', 3.3, 3.3', to bordisms 
(M, d-M, d+M), and p a representation of V = wi(M) on an A— Hilbert module 
of finite type. In this case one has first to extend the concept of generalized trian- 
gulation to such bordisms. This will involve a pair (h,g) which in addition to the 
requirements C1-C3 is supposed to satisfy the following assumptions: g is product 
like near dM = d-M U d+M, the function h : M -> [a, b] satisfies /i _1 (a) = d-M, 
= d + M, a,b regular values, and is linear on the geodesies normal to dM 
near dM. In case h is replaced by a closed 1-form the requirement is that this 
form vanishes on dM. This extension was partly done in [BFK2] and was used to 
prove gluing formulae for analytic torsion and to extend the results of [BFKM] to 
manifolds with boundary. 

5. One can actually extend the WHS-theory to the case where h is a generalized 
Morse function, i.e. the critical points are either nondegenerated or birth-death. 
This extension is much more subtle and very important. Beginning work in this 
direction was done by Hon Kit Wai in his OSU dissertation. 



References 

[AB] D.M.Austin, P.M.Braam, Morse Bott theory and equivariant cohomology, The Floer 
memorial volume, Progress in Math, Vol. 133 Birkhaiiscr Verlag, 1995. 

[BZ1] J. P. Bismut, W. Zhang, An extension of a theorem by Cheeger and Muller, Asterisque 
205 (1992), 1-209. 

[BZ2] J. P. Bismut, W. Zhang, Milnor and Ray-Singer metrics on the equivariant determinant 
of a flat vector bundle, GAFA 4 (1994), 136-212. 

[B] D.Burghelea, WHS theory in the presence of symmetry (in preparation). 

[BH1] D.Burghelea, S. Haller, On the topology and analysis of closed one form I (Novikov's 
theory revisited), DG -0101043. 

[BH2] D.Burghelea, S. Haller, On the topology and analysis of closed one form II (in prepara- 
tion). 

[BFK1] D. Burghclea, L. Fricdlandcr, T. Kappelcr, Asymptotic expansion of the Witten defor- 
mation of the analytic torsion, J. of Funct. Anal. 137 (1996), 320-363. 

[BFK2] D. Burghelea, L. Friedlander, T. Kappeler, Torsion for manifolds with boundary and 
gluing formulas, Math. Nacht. 208 (1999), 31-91. 

[BFK3] D. Burghclea, L. Friedlander, T. Kappeler, Witten deformation of analytic torsion and 



32 WITTEN HELFFER SJOSTRAND THEORY 

the Reidemeister torsion, Amer.Math.Soc.Transl.(2), 184 ,(1998), 23-39. 

[BFK4] D. Burghclca, L. Fricdlander, T. Kappclcr, Relative torsion, Communications in Con- 
temporary Math., to appear in issue 1, 2001. 

[BFK5] D. Burghelea, L. Friedlander, T. Kappeler, WHS-theory (book in preparation). 

[BFKM] D. Burghclca, L. Fricdlander, T. Kappeler, P. McDonald, Analytic and Reidemeister 
torsion for representations in finite type Hilbert modules, GAFA, 6 (1996), 751-859. 

[DR] G. De Rham, Varietes Differentiables, Hermann, Paris, 1980. 

[F] A.Flocr, Symplectic fixed points and holomorphic spheres, Comm. Math. Phys. 120 (1989) 

575-671. 

[HS1] B. HclfTcr, J. Sjostrand, Multiple wells in the semi-classical limit I, Comm PDE 9 (1984), 
337-408. 

[HS2] B. HclfTcr, J. Sjostrand, Puits multiples en mecanique semi-classique, IV Etude du com- 
plexe de Witten, Comm PDE 10 (1985), 245-340. 

[H] B. Helffer, Etude de Laplacien de Witten associe a une fonction de Morse degeneree, 
Publications de l'Univ. de Nantes, 19... 

[I] S. Illman, The Equivariant Triangulation Theorem for Actions of Compact Lie Groups, 
Math. Ann. 262 (1983), 487-501. 

[L] F. Laudenbach, On the Thorn Smale complex (appendix in [BZ]), Asterisque, 205 (1992) 

209-233. 

[MS] D. McDufT, D.Salamon, Introduction to Symplectic topology, Calderon Press, Oxford, 
1995. 

[M] K. H. Meier, G-Invariante Morse Funktionen, Manuscripta math. 63 (1989), 99-114. 

[Po] M. Pozniak, Triangulation of smooth compact manifolds and Morse theory, Warwick 
preprint 11 (1990). 

[P] I. Prokhorcnko, Morse Bott functions and the Witten Laplacian, Communications in 

Analysis and Geometry, Vol 7, no 4 (1999), 841-918. 

[Sm] S. Smale, On the gradient dynamical systems, Annals of Math. 74 (1961), 199-206. 

[Wi] E. Witten, Supersymmetry and Morse theory, J. of Diflf. Gcom. 17 (1982), 661-692. 

[V] A. Verona, Stratified Mapping-Structure and Triangulability, .LNM, v. 1102 (1984) 

Springer- Verlag. 



